The dependence of Brans-Dicke (BD) parameter upon the scalar field, for different cosmological era of the expanding universe, has been explored. The time dependence of the scalar field has been determined and thereby the explicit time dependence of the BD parameter has been obtained. Experimental observations regarding the time dependence of the gravitational constant has been considered for this study. The scale factor, Hubble parameter, deceleration parameter, matter density, gravitational constant and the density parameters for matter and dark energy have been expressed in terms of the BD parameter and its time derivatives, showing its role in cosmic expansion.
Introduction
The theory of gravitation, known as Brans-Dicke (BD) theory, is characterized by a dimensionless constant function ω and a scalar field ϕ. The arbitrary coupling function ω determines the relative importance [1] . In the generalized version of the B-D theory, the dimensionless coupling constant is considered to a be a function of time [2] . This time dependence may also be expressed by assuming ω to be explicitly dependent upon the scalar field ϕ [3] . There are several important reasons for which generalised BD theory has gained so much of important in explaining and analyzing cosmological phenomena. In Kaluza-Klein theories, super gravity theory and in all the known effective string actions, this theory has a natural appearance. It is regarded as the most natural extension of the General Theory of Relativity (GTR), which may justify its applicability in fundamental theories [4] . In the generalized version of Brans-Dicke theory, which is also known as graviton-dilaton theory, ω has been shown to be a function of the scalar field ϕ (dilaton). Thus, there can be several models depending upon the functional form of the BD parameter. This theory generates the results obtained from GTR, for a constant scalar field and an infinite ω [5, 6] . Using a constant value of ω, BD theory was found to account for almost all important cosmological observations regarding the evolution of the universe. BD theory is capable of explaining the features like inflation [7] , early and late time behaviour of the universe [8] , cosmic acceleration and structure formation [9] , quintessence and the coincidence problem [10] , self -interacting potential and cosmic acceleration [11] . For a small negative value of ω it correctly explains cosmic acceleration, structure formation and the coincidence problem and, for a large value of ω, BD theory gives the correct amount of inflation and early and late time behaviour.
The time dependence of ω in Brans-Dicke theory has many interesting features. From string and KaluzaKlein theories it gets a strong corroboration, and in several studies, the dynamics of the universe has been analyzed within its framework. Through these attempts, the phenomena like the evolution of the universe, its accelerated expansion and quintessence, have been explained in a qualitative way without deriving any explicit time dependence of the BD parameter [10, [12] [13] [14] . Some recent studies have shown that several models can be formulated based on the concept of a time-varying ω [6] . Therefore it would be quite natural for the researchers to find an analytical expression of ω as a function of time, using the field equations of the Brans-Dicke theory. Some attempts were made to derive the time dependence of the BD parameter using very simple empirical forms of scale factor and the scalar field [15, 16] . But the chosen scale factors in these cases produced time independent deceleration parameters, in complete contradiction of observations. The purpose of the present study is to derive an expression of the BD parameter as an explicit function of the scalar field (ϕ) and also an expression showing its explicit time dependence, for different cosmological era of the universe, characterized by different values of the equation of state parameter (γ). The present matter-dominated universe contains cold matter of negligible pressure (dust), with γ = 0. For the present study, empirical expressions of the scale factor, scalar field and the BD parameter have been used. Using the field equations of BD theory and also the wave equation for the BD scalar field (ϕ), we have determined the values of all parameters involved in these empirical forms. We have also used the experimental results regarding the time variation of the gravitational constant (G), to determine the values of these unknown parameters. The scale factor (a), Hubble parameter (H), deceleration parameter (q) matter density (ρ) and gravitational constant (G) have been expressed as functions of the BD parameter (ω) and its time derivatives. The dependence of density parameters, for matter and dark energy (Ω m , Ω d ), upon the BD parameter have also been shown theoretically. These expressions show mathematically, the role played by the dimensionless parameter (ω) in cosmic expansion.
Theoretical Model
In generalized Brans-Dicke theory, the field equations, for a universe filled with a perfect fluid and described by Friedmann-Robertson-Walker space-time, with scale factor a(t) and spatial curvature k, are expressed as,ȧ
The wave equation for the scalar field (ϕ), in generalized Brans-Dicke theory, where ω is a time dependent parameter, is expressed as,φ
The energy conservation for the cosmic fluid is given by [15, 16] ,
The equation of state of the fluid is expressed as,
The values of γ are −1 (vacuum energy dominated era), 0 (matter dominated era), 1/3 (radiation dominated era), 1 (massless scalar field dominated era). The solution of equation (4), using equation (5), is obtained as,
For the present study, based on the equations (1), (2) and (3), the following empirical relations of scale factor, scalar field and BD parameter have been chosen.
The scale factor (in eq. 7) has been chosen to ensure a change of sign of the deceleration parameter with time, as per many recent studies showing a transition of cosmic expansion from deceleration to acceleration [3, 19, 20] . Here ε, µ > 0 to ensure increase of scale factor with time. The Hubble parameter (H) and the deceleration parameter (q), calculated from this scale factor, are written below.
For 0 < ε < 1, we get q > 0 at t = 0 and, for t?8, we have q? − 1. Taking H = H 0 and q = q 0 , at t = t 0 , one gets,
The scalar field (in eq. 8) has been chosen on the basis of some studies on Brans-Dicke theory [3, 19, 20] . The value of n can be determined from the field equations. The empirical expression of BD parameter (in eq. 9) has been chosen according to the generalized BransDicke theory, where ω is regarded as a function of the scalar field (ϕ) [3] . The values of ω 0 and m have to be determined from the field equations.
Considering ω as a function of ϕ, equation (3) can be written as,
Combining the equations (5), (8), (9) with (14) one gets,
Where,
The two above equations, for ρ and ϕ, are obtained by substituting equation (7) into the equations (6) and (8) respectively. Taking γ = 0 in equation (15) for the present matter dominated era and writing all parameter values for the present time (t = t 0 ), one obtains,
Using the equations (1), (2) and (8), and taking k = 0, P = 0, we get,
Taking all parameter values at t = t 0 in equation (17), one gets,
Using equation (18) in (16) 
This expression of m (eqn. 19) should be substituted into the expression of f (t) in the expression of ω in equation (15) . Eliminating ω from the equations (1) and (2), taking k = 0 and P = γρ one obtains,
Using equation (8) in (20) for γ = 0 and taking all parameter values at t = t 0 one gets,
Equation (21) is quadratic in n. Its two roots are given by,
The values of different cosmological parameters used in this article are: Using these values in equation (22) one gets,
Since ϕ = ϕ 0 a n was chosen empirically (and not obtained as a solution of the field equations) the parameter n can also take values other than the two values shown by equation (23). The important fact about these two values is that both of them are negative, indicating a decrease of ϕ and an increase of G(= 1 ϕ ) with time. There are studies that show a decrease of ϕ with time [3, 15] . According to a study by Banerjee and Pavon [10] , −3/2 < ω 0 < 0. Using equation (18) , the ranges of n values, satisfying this requirement, are found to be, n < −2.061, −0.838 < n < −0.455, n > 1.905
The sign of n determines whether ϕ increases or decreases with time, as per equation (8) where the scale factor a(t) always increases with time in an expanding universe. The larger the value of |n|, greater would be its rate of change with time. Using equation (8), the fractional rate of change of the gravitational constant is given by,
Using equation (25), the values of n can be more reliably determined from the experimental findings of
. Its sign is found to be both positive and negative experimentally [17] .
Combining equation (8) with (20), one obtains,
Using equation (26), one obtains the expression for ϕ 0 by taking all parameter values at t = t 0 and γ = 0 for the present matter dominated era of the universe.
To express the dependence of ω upon γ, equations (26, 27) and (18) are substituted into equation (9), leading to the following equation.
To express the explicit time dependence of ω, substitutions have to be made from the equations (6), (7), (10), (11) into equation (28), leading to the following form.
where A = ω 0 Exp
Here, ε, µ, ω 0 , m and n are given by equations (12), (13), (18), (19) and (25) respectively.
Using the equations (6-9), one obtains the following expressions of different cosmological quantities of interest in terms of ω and its derivatives.
In the above expressions (30-34), the parameters ω 0 and m (eqns. 18, 19) are functions of the parameter n which controls the change of the scalar field (ϕ) with time. Using equation (33), the density parameter for all matter (dark + baryonic) can be written as,
Here, ρ c is the critical density of matter-energy of the universe. ρ c 10 −26 Kg m −3
The density parameter for dark energy is given by,
Equations (35) and (36) show the dependence of density parameters, of matter and dark energy respectively, upon the Brans-Dicke parameter. The present era of the universe is matter dominated with negligible pressure (γ = 0). From the equations (6) and (7), we thus have,
For the present universe, the expressions of ω, from the equations (15) and (29), are respectively obtained as the following two equations, (38) and (39).
In equation (38), f (t) = 2 n 2 + 2n − nq + mn 2 ϕ and ρ(t) is given by equation (37).
Combining the equations (8) and (9) one gets,
Using equations (7) and (18) in (40) one obtains,
Equation (41) is an expression of ω without any explicit dependence on γ and thus applicable for the entire span of cosmological time of the expanding universe. Equations (12), (13), (19) and (25) can be used for ε, µ, m, n respectively. whose range has been chosen from experimental findings [17] [18] [19] [20] . Both ω 0 and m depend upon n (eqns 18, 19) . The signs of the parameters, n and m, determine whether ω increases or decreases with time, as per equations (8) and (9). When they have the same sign, ω increases with time if ω 0 is positive. When they have opposite signs, ω decreases with time if ω 0 is positive. For these two cases, the reverse happens if ω 0 is negative. 
Results

Conclusion
In the present study we have determined the nature of dependence of the Brans-Dicke parameter upon the scalar field and also the dependence of the scalar field upon time. Therefore, this study has enabled us to determine the time dependence of BD parameter which plays a very important role in the accelerated expansion of the universe. The signs of the parameters n, m and ω 0 determine whether the BD parameter increases or decreases with time. Actually, both ω 0 and m are functions of n (eqns 18, 19) , which determines the time dependence of the gravitational constant (eqn. 25). According to a study by Banerjee and Pavon [10] , we must have −3/2 < ω 0 < 0. The range of values for n, satisfying this requirement, have been determined. The values of n can be best determined by the experimentally measured values of
reported by several researchers [17] [18] [19] [20] . For a wide range of values of this quantity, we have determined the values of the parameters n, m and ω 0 and listed them in Table- 1. In deriving the expression of ω 0 (eqn. 18), equal weightages have been given to the equations (1) and (2) . Instead of doing this, one may calculate the value of ω 0 separately from the equations (1) and (2) and determine their weighted average with unequal weights assigned to these two values. For this purpose, a new parameter can be introduced to represent their relative weightage, allowing us to determine the value of ω 0 correctly, making it more consistent with more advanced studies in this regard. Using the same set of empirical relations (eqns. 8 and 9) for the scalar field and the BD parameter, we have determined three expressions of ω(t), represented by the equations (15), (29) and (41), showing clearly its dependence upon time and the equation of state parameter (γ). The form of these expressions for the present matter dominated state of the universe, which is considered to be a pressureless dust with γ = 0, are shown by the equations (38) and (39). A limitation of this study is that, it is based upon empirical forms of the scale factor (a) and the scalar field (ϕ), which are not the solutions of the Brans-Dicke field equations. An improvement over this method can be made by choosing one of these parameters empirically and determining the other from the field equations. This is our plan for a completely new study to be carried out in future.
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